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Abstract
We present an implementation of dispersion-scan
based on self-diffraction (SD d-scan) and apply it
to the measurement of over octave-spanning sub-4-
fs pulses. The results are compared with second-
harmonic generation (SHG) d-scan. The efficiency of
the SD process is derived theoretically and compared
with the spectral response retrieved by the d-scan
algorithm. The new SD d-scan has a robust inline
setup and enables measuring pulses with over-octave
spectra, single-cycle durations and wavelength ranges
beyond those of SHG crystals, such as the ultraviolet
and the deep-ultraviolet.
1 Introduction
Intense single-cycle light pulses are an important tool
for attosecond science and high-field physics, and
are now enabling a new generation of laser-plasma
accelerators [1]. These pulses can be generated by
several post-compression techniques [2–4] where pre-
cise temporal characterization is crucial for optimiz-
ing their compression and for establishing the pulse
duration in an experiment. For example, a chirp
change of merely 4 fs2 in the driving pulse resulted in
a 20% change in the accelerated electron energy [1].
Sub-cycle 0.975 fs optical pulses have been measured
with attosecond streaking [5], and a petahertz op-
tical oscilloscope was demonstrated with two-cycle
pulses [6], but these strong-field techniques demand
high pulse energies, vacuum beamlines, isolated at-
tosecond pulses, and electron or extreme ultraviolet
spectral detection.
The optical measurement of single-cycle pulses usu-
ally requires nonlinear media with low dispersion
and large phase-matching bandwidths, due to the
over octave-spanning spectra and extremely short
durations of the pulses. In the case of frequency-
resolved optical gating (FROG) [7], these character-
istics translate into an overlap between fundamental
and SHG spectra that limits the measurement band-
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width to less than one octave. This can be overcome
with noncollinear setups, but the resulting geomet-
rical time smearing limits the temporal resolution
and gives overestimated pulse lengths. Addressing
these problems has required precise knowledge of the
total spectral response function affecting the mea-
sured FROG signal, which includes effects due to the
noncollinear geometry, nonlinear crystal thickness
and phase matching bandwidth (all carefully chosen
for a particular pulse), dispersion of the nonlinear-
ity and detector sensitivity [8]. Noncollinear cross-
correlation FROG (XFROG) was recently used to
measure 0.9-cycle, 4.2µm pulses (12.4 fs) [9], but this
required a fully characterized short reference pulse
and the geometric time smearing is no longer negligi-
ble for few-fs pulses. A variant of spectral phase inter-
ferometry for direct electric-field reconstruction (SPI-
DER) [10], spatially encoded arrangement (SEA)-
SPIDER [11], is free of time smearing and en-
abled measuring 0.9-cycle pulses at 1.6µm (4.5 fs) [4].
Another SPIDER variant, two-dimensional spectral
shearing-interferometry (2DSI) [12, 13], was used to
measure 1.1-cycle, 1µm pulses (3.7 fs) [14]. Very
recently, time-domain ptychography was applied to
3.7 fs, 1.5-cycle pulses at 800 nm [15].
The single-cycle-capable optical techniques de-
scribed above can be powerful but involve opera-
tions such as temporal overlap of short pulses, beam
splitting and recombination, which all add to in-
creased experimental complexity and difficulty. The
dispersion-scan (d-scan) technique [16] is a recent ap-
proach for the simultaneous measurement and com-
pression of femtosecond laser pulses and was orig-
inally proposed as a way to simplify such steps,
by coupling a compressor with a single-beam, non-
interferometric, nonlinear measurement stage. Ex-
perimentally, it involves measuring the spectrum of a
nonlinear process, such as SHG, as a function of com-
pressor position around the maximum compression
point (the reference position), where the dispersion
introduced by each displacement step of the compres-
sor is either well-known [16] or self-calibrated from
the measurement [17]. If we consider a pulse in the
frequency domain,
E˜(ω) =
∣∣∣E˜(ω)∣∣∣ eiφ(ω), (1)
where E˜ is the pulse electric field and φ is its spec-
tral phase, the measured d-scan trace, Smeas, can be
written as the product of a spectral response func-
tion, R(ω), and an ideal trace, Sideal [16]
Smeas = R(ω)× Sideal ≡ R(ω)
∣∣∣∣∫ +∞−∞ ENLe−iωtdt
∣∣∣∣2 ,
(2)
where ENL is the dispersion-dependent nonlinear sig-
nal, which for SHG d-scan is the square of the time-
domain field, E(t, ζ), after the compressor, i.e.
ENL = E
2(t, ζ) ∝
(∫ +∞
−∞
E˜(Ω)e−iβ(Ω)ζeiΩtdΩ
)2
,
(3)
with β(Ω) the frequency-dependent phase per unit
displacement introduced by the compressor and ζ
the compressor position. An optimization algorithm
is then used to retrieve both the spectral phase of
the pulse, φ(ω), and the unknown response func-
tion, R(ω), from the d-scan trace and calibrated lin-
ear spectrum [16]. A recent approach to fast d-scan
retrieval enables obtaining the pulse amplitude and
phase from the d-scan trace alone, but in this case
the trace itself must be calibrated [18].
SHG d-scan has been successfully demonstrated
with few-cycle pulses since its inception [16, 19] and
is nowadays an established technique in the demand-
ing sub-4-fs regime (see, e.g., [20]) but a common
misconception is assuming that SHG d-scan is lim-
ited to sub-octave pulses, because it uses collinear
[16] or near-collinear [3, 19] SHG. On the contrary,
over octave-spanning single-cycle pulses have been
measured directly with SHG d-scan, both in scan-
ning [1, 3, 18] and single-shot [21] configurations.
The fact that broadband SHG corresponds to sum-
frequency generation (SFG) between all the frequen-
cies in the spectrum translates into intrinsic redun-
dancy in the d-scan trace: phase information of a
particular spectral region of the pulse is found not
only at its SHG frequency, but convoluted across
the trace. This relaxes phase-matching and measure-
ment bandwidth requirements, as a partial measure-
ment of the SHG/SFG trace is sufficient for phase
retrieval over the whole spectrum [3,16,19,21]. Few-
cycle capable third-harmonic generation (THG) d-
2
scan variants have also been devised [22, 23], but
both SHG and THG processes are limited by trans-
parency and phase-matching. This is particularly
problematic for ultraviolet pulses, where choice of
adequate SHG crystals is very limited. Also, the
SHG or THG signal can easily extend into the deep-
and vacuum-ultraviolet, further complicating its de-
tection. On the other hand, degenerate third-order
processes such as cross-polarized wave (XPW) gener-
ation and self-diffraction (SD) can offer greater flex-
ibility, as they facilitate phase-matching over wide
bandwidths, are practically wavelength-independent
over the transparency zone of the nonlinear medium,
and the signal lies in the same spectral region as
the pulse to be measured. SD has been applied to
FROG [7] and very recently to SPIDER [24]. XPW
d-scan was recently demonstrated with sub-octave 6.5
fs pulses [25], which required increasing their degree
of linear polarization using Brewster reflections prior
to measurement.
In this Letter we introduce a new inline d-scan
scheme based on self-diffraction in thin transparent
media (SD d-scan) and demonstrate it with over
octave-spanning sub-4-fs pulses, further illustrating
its potential for pulse measurement over nearly 3 oc-
taves. Furthermore, the SD process makes this tech-
nique suitable for pulses with arbitrary polarization
and wavelength.
2 Experimental
The experimental setup for SD d-scan (Fig. 1a) is
analogous to SHG d-scan [3, 19] and only requires
replacing the SHG crystal (5µm BBO) with a thin
(30µm) fused silica slide, whose dispersive pulse
broadening is negligible even for single-cycle pulses.
The pulses are generated by a hollow-core fiber
(HCF) compressor delivering sub-4-fs 800 nm pulses
with energy up to 200µJ at 1 kHz [3], which includes
the glass wedge and chirped mirror (CM) compres-
sor shown in Fig. 1. The beam (≈ 20 mm diameter)
is sent through a mask with two vertical slits (2 mm
width and separation), placed so that spectra trans-
mitted by each slit are identical, and also identical to
the full-beam spectrum, although the latter is not a
necessary requirement since differences with respect
to the full spectrum can in principle be accounted
for by the retrieved d-scan response function. The
two pulses (< 1µJ) are focused in the slide (or in the
BBO crystal) with a spherical mirror (f = 25 cm) at
a crossing angle of 1.4◦, and a movable slit is then
used to select the off-axis SD beam (or the on-axis
SHG beam) prior to the spectral measurement. We
also measured the spectrum of the fundamental pulse
after the fused silica slide for optimum pulse compres-
sion conditions (hence for maximum SD signal inten-
sity) and no spectral changes were detected, which is
compatible with the assumption that no significant
self-phase modulation is taking place in the slide.
Figure 1: a) Experimental setup for SD d-scan (see
text for details). b) Wavevector diagram of non-
collinear SD.
The expression for the SD d-scan trace is also given
by (2), but now the nonlinear signal, ENL, is given
by
ENL(t, ζ) = E
2(t, ζ)E∗(t, ζ) = |E(t, ζ)|2E(t, ζ). (4)
The phase change introduced by the compressor is
that of the moving wedges alone, i.e. β(Ω)ζ =
k(Ω)l ≡ [n(Ω)Ω/c]l, with n the refractive index, c
the speed of light and l the (relative) thickness of
wedge glass crossed by the pulse.
The measured SHG and SD d-scan traces, each
composed of 103 individual spectra (step size of
29µm), are given in Fig. 2, where a good visual agree-
ment with the corresponding retrievals is observed.
The SD d-scan traces are smoother and less struc-
tured than their SHG counterparts due to the lower
spectral phase sensitivity of SD (a 3rd-order process)
compared to SHG. The tilt in the SHG d-scan trace
reveals some residual negative third-order dispersion
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Figure 2: Measured and retrieved SD and SHG d-
scan traces.
(TOD) that was left uncompensated for (unlike in
previous work [3], where further propagation in a thin
water cell resulted in single-cycle 3.2 fs pulses). This
enabled testing the SD d-scan with an over octave-
spanning spectrum while retaining a more interesting
temporal pulse structure due to TOD, hence showing
that the method is sensitive to such a phase and may
be used for its diagnostic and further correction.
Since SD is a degenerate process, i.e. ωNL =
2 × ω − ω = ω, one could at first expect the SD
signal to cover the whole spectral range of the in-
put pulse (see Fig. 3). Instead, the SD d-scan trace
only extends from 450 to 800 nm (Fig. 2), since the
efficiency of this process is wavelength-dependent, as
shown in Appendix A and in Fig. 5a. This is not
detrimental for retrieval over the full spectral range
of the pulses, provided their phase does not change
during propagation in the nonlinear medium (due to
dispersion, nonlinear effects like self-phase modula-
tion, or both), as required by (2)-(4). Figure 3 shows
the measured spectra and retrieved spectral phases
for SD and SHG d-scan, obtained by averaging 10
retrievals with random seed phases. For SD d-scan,
we used 10 retrievals within one standard deviation
of a set of 30, in order to minimize the contribution
of phases affected by divergence problems in phase
unwrapping due to the lower signal-to-noise ratio of
SD at the edges.
Figure 3 shows the measured spectra and retrieved
spectral phases (described as 256-point vectors from
380 to 2400 nm) for SD and SHG d-scan, obtained by
averaging 10 retrievals performed with random seed
phases.
The phases show a good agreement, within their
standard deviations, diverging rapidly below ≈
500 nm and rolling off after ≈ 940 nm, as expected
for the used CMs [3]. Overall, the standard devia-
tion is larger for SD than for SHG d-scan, which we
attribute to the lower sensitivity of the SD process to
the spectral phase.
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Figure 3: Spectra and retrieved phases for SD and
SHG d-scan.
In the time domain (Fig. 4), the pulse intensity pro-
files retrieved by both methods are also very similar,
including the pre- and post-pulse structure around
the main pulse. The full-width at half-maximum
(FWHM) pulse duration was found to be 3.7± 0.3 fs
for SD and 3.8± 0.1 fs for SHG d-scan, in agreement
with the value of 3.8 ± 0.1 fs previously reported for
the same HCF compressor before residual TOD com-
pensation [3].
60 40 20 0 20 40 60
Time (fs)
0.0
0.2
0.4
0.6
0.8
1.0
N
o
rm
a
liz
e
d
 i
n
te
n
si
ty
SD d-scan: 3.7 fs
SHG d-scan: 3.8 fs
FL: 3.0 fs
Figure 4: Retrieved temporal intensities for SD
and SHG d-scan. The Fourier-limit (FL) of the
CM-compressible portion of the spectrum (≈ 500 −
1050 nm) is also shown for reference.
As mentioned previously, an advantage of the d-
scan method is that no a priori knowledge of the
spectral response function R(ω) is necessary for pulse
retrieval, since the d-scan algorithm also retrieves it.
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Nonetheless, we derived a theoretical expression for
R(ω), both for comparing with the retrieved response
and to numerically explore the measurement of even
broader bandwidth pulses using SD d-scan. In Ap-
pendix A we show that the spectral response of the
SD process is given by
R(ω) =
ω2
n(ω)
[
n2(ω)− 1]8 sinc2 [∆kz(ω)L
2
]
, (5)
with ∆kz the phase-mismatch along the propagation
direction and L the medium thickness. The mismatch
can be written as ∆kz(ω) ≈ θ2k(ω), with θ ≈ θext/n
the internal crossing angle in the medium and θext the
external angle. Since the SD d-scan trace was mea-
sured with the same intensity-calibrated spectrom-
eter used for the linear spectrum, the retrieved re-
sponse can be directly compared with that of the SD
process alone. Figure 5a shows the retrieved SD d-
scan response and the theoretical efficiency of SD in
fused silica, calculated from (5) for L = 30µm and
θext = 1.4
◦. We see that the general trend of the ex-
perimental response roughly follows the theoretical
prediction.
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Figure 5: SD d-scan: a) Theoretical and measured
spectral response functions. b) Simulated retrieval
over nearly 3 octaves.
To illustrate the possibility of multi-octave pulse
measurement with SD d-scan, we simulated a sech2
spectrum centered at 800 nm with a Fourier-limit of
2.7 fs and a phase consisting of TOD and some ring-
ing (see Fig. 5b). The corresponding SD d-scan trace
was calculated from (2) with the signal of (4) and
the response function of (5), assuming a 30µm fused
silica slide and a crossing angle θext = 1.4
◦. The
spectral response was clipped to zero after 1000 nm
to model the limited sensitivity of a Silicon detector,
and a random noise baseline at -40 dB was also added.
In these conditions, the d-scan algorithm successfully
retrieved the spectral phase and the response func-
tion from 500 to 1900 nm, i.e., over nearly 3 octaves
(Fig. 5b).
3 Conclusions
In conclusion, we have developed a new d-scan
technique for temporal pulse characterization based
on self-diffraction (SD d-scan) and demonstrated
it with over octave-spanning sub-4-fs pulses. The
frequency-dependent efficiency of the SD process
was derived theoretically and compared with the
spectral response retrieved by the d-scan algorithm.
SD d-scan has a robust inline implementation, is
single-cycle and multi-octave capable, and should
enable measuring ultra-broadband pulses with arbi-
trary polarization and in difficult spectral ranges,
such as the ultraviolet and the deep-ultraviolet.
Funding. We acknowledge funding from
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FIS2013-41709P (MINECO, Spain).
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Appendix A
Analytical models of the spectral response of non-
linear processes are usually obtained assuming non-
depletion of the input electric field and an estimated
phase-mismatch [7]. Our derivation follows a similar
treatment, with the necessary modifications, includ-
ing the frequency dependence of the third-order non-
linear susceptibility. Self-diffraction can be viewed as
an interaction between two photons at ω1 and one
photon at ω2, resulting in a frequency Ω = 2ω1 − ω2.
When pertinent in this derivation, instead of consid-
ering the pair (ω1, ω2) as independent variables, we
will consider the pair (Ω, ω1).
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The third-order susceptibility associated to SD,
χ(3), can be expressed as a product of linear suscep-
tibilities, χ(1), i.e. [26]
χ(3)(Ω, ω1, ω1,−ω2) ∝ χ(1)(Ω)
[
χ(1)(ω1)
]2
χ(1)(−ω2),
(6)
where χ(1)(Ω) = n2(Ω) − 1, χ(1)(−ω2) = χ∗(1)(ω2),
and for lossless materials, χ∗(1)(ω2) = χ(1)(ω2). Thus
χ(3)(Ω, ω1, ω1,−ω2) ∝ χ(1)(Ω)
[
χ(1)(ω1)
]2
χ(1)(ω2).
(7)
If ω1 and ω2 are frequencies near Ω, (7) becomes
χ(3) ≈ χ(3)(Ω,Ω,Ω,−Ω) ∝
[
χ(1)(Ω)
]4
=
[
n2(Ω)− 1]4 .
(8)
The phase-mismatch along the z-axis, ∆kz, is given
by
∆kz(Ω, ω1) = 2k1z(ω1)−k2z(2ω1−Ω)−k3z(Ω), (9)
where k1z, k2z and k3z are the projections of the in-
cident and SD wavevectors along z (see Fig. 1b). Ex-
panding k1z and k2z in a Taylor series around Ω (the
generated frequency),
k1z(ω1) ≈ k1z(Ω) + dk1z
dω1
∣∣∣∣
w1=Ω
(ω1 − Ω) (10)
k2z(2ω1 − Ω) ≈ k2z(Ω) + 2 dk2z
dω1
∣∣∣∣
w1=Ω
(ω1 − Ω) ,
(11)
and substituting into (9), we see that the terms with
derivatives cancel each other up to 2nd-order correc-
tions. We assume that the amplitudes of the wavevec-
tors are the same, i.e. |k1(Ω)| = |k2(Ω)| = k(Ω),
so their projection in the z-axis is k(Ω) cos(θ/2)
(Fig. 1b). For small crossing angles, the projection
angle of k3 along z can be obtained by using the
law of sines to relate θ with γ (Fig. 1b), the law of
cosines to obtain |k3| = k(Ω)[5− 4 cos(θ)]1/2 ≈ k(Ω),
and the linear approximation of the sine function to
find γ ≈ 2θ, so (9) becomes
∆kz(Ω) ≈ k(Ω) [cos(θ/2)− cos(3θ/2)] ≈ θ2k(Ω).
(12)
The electric field of a generic third-order process,
after propagating a distance L, is given by [7] (p. 280)
E˜(L,Ω) = i
cµ0Ω
2n(Ω)
∫ L
0
P˜ (3)(z,Ω)e−ik3z(Ω)zdz, (13)
where µ0 is the vacuum permeability and P˜
(3) the
nonlinear polarization. For SD, the polarization is
given by
P˜ (3)(z,Ω) =∫∫
χ(3)E˜1(z, ω1)E˜1(z,Ω− ω1 + ω2)E˜∗2 (z, ω2)
× ei[k1z(ω1)+k1z(Ω−ω1+ω2)−k2z(ω2)]zdω1dω2, (14)
where E˜1,2 are the fields associated with k1,2 (see Fig.
1b). Substituting (14) into (13) and integrating in z,
we get
E˜(L,Ω) = i
cµ0ΩL
2n(Ω)
∫∫
χ(3)E˜1(ω1)E˜1(Ω−ω1 +ω2)
× E˜∗2 (ω2)sinc
(
∆kzL
2
)
ei∆kzL/2dω1dω2. (15)
The spectral intensity of this signal is Smeas ∝ n
∣∣∣E˜∣∣∣2.
Since ∆kz and χ
(3) can be approximated by functions
of one variable, Ω, which plays no role in the integral
of (15), the terms with these quantities can be fac-
tored out of the integral. This gives
Smeas ∝ Ω
2
n(Ω)
[
n2(Ω)− 1]8 sinc2 [∆kz(Ω)L
2
]
×Sideal,
(16)
with the ideal nonlinear SD spectral intensity, Sideal,
defined as
Sideal ∝
∣∣∣∣∫∫ E˜1(ω1)E˜1(Ω− ω1 + ω2)E˜∗2 (ω2)dω1dω2∣∣∣∣2 ,
(17)
whereby we identify in (16) the spectral response of
(5).
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